More Laplace transforms

The Laplace Transform

Definition: The Laplace transform £ { f (r)} of a function f(7) defined on [0,%0) is the function
F(s) given by

L{f (=] f (o) =tim [" fo)edr = F (s),

(if this limit exists). Note that s may be complex.

Linearity: The Laplace transform is a /inear transformation (by nature of linearity of integration):

L {a( f(r))+5( g(r))} - j:(af(r) +bg(r)) e dr
- j: (af ())& “'dr + j: (bg(r))e " dr

- aj: F)e " de + bj: a(f)e "dt
—al{f()}+bL{g(1)}

Inverse Laplace Transform: A function f(7) whose Laplace transform is F'(s) is called the inverse

Laplace transform of F, denoted f(r)=£"" {F(s)} .



More Laplace transforms

Determine the Laplace transform of each of the following functions.
1) f(t) = 1

3328 ¢ (s570)

2) f(t) = e

354t = o (e



More Laplace transforms

Know about "exponential shift": _ g fu)e ~ak _F ( . )
: - > =54
,f{e”’f(t)} = IU e"’f(t)e‘”dl J-O )‘( ) )'dt F(S a) <

Principle: If the Laplace transform for f(t) is F(s), the Laplace transform
for the function e f(t) is simply a shift of F(s) by a units.
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More Laplace transforms

Determine the Laplace transform of each of the following functions.

1) f(t) = cosh(bt) = (e”'+ e™)/2 (Use linearity and exponential shift.)

S (b} = 4[F54% - 35
- )[5’b stb _]
2) f(t) = sinh(bt) = (e"- e™)/2 (Use—ﬁ](ejarl%y?and exponential shift.)
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More Laplace transforms

Recall that
e®' = cos(bt) + i sin(bt) (1)
and
e™ = cos(-bt) + i sin(-bt)
= cos(bt) - i sin(bt) (2)

Add expressions (1) and (2) and solve for\fs(t) = (e(bt"+e('bt)‘)/2J

Subtract expression (2) from (1) and solve for[iin(t) = (e(bt)“e"b‘)‘)/(Zi)]




More Laplace transforms

Use the results from the previous slide to determine the Laplace transforms
of sin(bt) and cos(bt). Use linearity and exponential shift.
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