Undetermined Coefficients and 2nd-order NonHomogeneous Linear Equations

5.5 - NON-homogeneous 2nd-order Differential Equations

Consider the equation

y'+p@®y'+q®)y = g(t) (D
and its "associated homogeneous equation"
y'+p®)y' +qt)y=0 (2)

THEOREM: If Y (t) and Y,(t) are both solutions to (1) then their
difference Y,(t) - Y,(t) is a solution to (2), and can therefore be
written as Y,(t) - Y,(t) = c,y,(t) + c,y,(t), where y,(t) and y,(t) form
a fundamental set of solutions to (2).
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PROOF:

Recall
y" +p®)y" + qt)y = g(t) (1)
y" +pM®)y' +qt)y =0 2)
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How is the THEOREM helpful? Recall (1) and (2):
y' +p)y' + q(t)y = g(t) (1)

y'+p)y' +qt)y =0 (2)

If y(t) is the general solution to (1) and y (t) is any solution to (1),
then by the theorem we know that

y(t) - yp(t) =y, (1) t coy,()

but this implies that the general solution to (1) can therefore be
expressed as

y(t) = ¢,y (1) + c,y,(t) +y,(b).

(We tend to set c;y,(t) + c,y,(t) = y,(t) or y (t) to indicate that it is
the solution to the associated homogeneous equation (hence the y,),
also called the "complementary" solution (hence the y,).)
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Therefore, given
y"+p)y' +a®y = g(t) (D)
y'+p®y +q(t)y =0 (2)
the general solution to (1) is given by
y(®) = yi(®) T y,(0),

where y (t) is any particular solution to (1) and y,(t) is the general
solution to (2) (i.e., the solution to the associated homogeneous
equation to (1)).
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WHY do we need both?

*y,(t) allows us to address the nonhomogeneous g(t) term, but
there are typically no constants of integration to allow for different
initial conditions - we would not have the general solution to (1).

* y,(t), on the other hand, contains constants of integration that
allow us to handle different initial conditions, but cannot address
the nonhomogeneous term (since it only solves the equation in
which g(t) = 0) - we would not even have an actual solution to (1).
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So ... we have had lots of practice finding solutions y,(t). How do
we find the particular solutions y (t)?

Two common methods:
1) Undetermined coefficients
2) Variation of parameters

Each has strengths and limitations. We will start with the method
of "Undetermined Coefficients," which works really well with
constant coefficients and nonhomogeneous terms that are
polynomials, sines and cosines, exponential functions, or sums and
products thereof.
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EXAMPLE 1: Solve y" - 3y'- 10y = 4¢™
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EXAMPLE 2: Solve y" - 3y' - 10y = 2cos(3t)
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EXAMPLE 3: Solve y" - 3y'- 10y = 2t°
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Generalizing thus far:

g(t) Yp(t) guess
ae’t AePt
a cos(Bt) A cos(pt) + Bsin(pt)
bsin(St) A cos(pt) + Bsin(pt)
a cos(ft) + bsin(pt) A cos(pt) + Bsin(pt)
ntB degree polynomial | Ant™ + A 1t™ * + -+ Ayt + Ag

10



Undetermined Coefficients and 2nd-order NonHomogeneous Linear Equations

EXAMPLE 4: Solve y" - 3y' - 10y = 3t’¢™
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Guessing Practice: For each of the following, write the form of the
particular solution to the equation

y' +p®Oy' +q(t) = g,
but DO NOT solve the equation.

(a) g(t) = (10 - 3t)e™ (b) g(t) = (3t* + 4)sin(3t)

(c) g(t) = 2e*'cos(3t) (d) g(t) = -3e*cos(5t)(3 - t)
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EXAMPLE 5: Solve y" - 3y' - 10y = 2> + 4¢’' + 2cos(3t)
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The previous example shows that if y (t) is a solution to

y"' +p)y' + q(t)y = f(t)

and y (t) 1s a solution to

y'+p@®y'+q®)y = g(®),
then y (t) + y,(t) is a solution to

y'+p@®y' +q®y = f(0) + g(®).
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More Guessing Practice: For each of the following, write the form
of the particular solution to the equation y" + p(t)y' + q(t) = g(t).

(a) g(t) = 4 cos(6t) — 9sin(6t)

(b) g (t) = —2sint + sin(14t) — 5 cos(14t)
(c)g(t)=e™+6

(d) g (t) = 6t> — Tsin(3t) + 9

(e) g(t) = 10e! — 5te ¥ 4 2e ¥

(f) g(t) = t2cost — Htsint

(9) g (t) = 5e % + e % cos(6t) — sin(6t)
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EXAMPLE 6: Solve y" - 3y' - 10y = 3¢,
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Even More Guessing Practice: For each of the following, write the
form of the particular solution to the equation

y" +p®y' + q(t) = ().
(@y" +3y —28y=Tt+e -1

(b) y" — 100y = 9t%e'" + cost — tsint
(c)4y” +y=e 2 sin(%) + 61 cos(%)
(d) 4y" + 16y’ + 1Ty = e % sin(%) + 6t cns(%)

{E}yH—I—SyF—I—lﬁy:E 4t_|_(t2+5)e 4¢
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Put 1t all together:
Solve y" - 3y' + 2y = 3e™ - 10cos(3t) with y(0) = 1 and y'(0) = 2.
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